UT-11-11 



A Non-Abelian Self-Dual Gauge Theory 
in 5+1 Dimensions 

Pei-Ming Ho^\ Kuo-Wei Huang^^, Yutaka Matsuo^^ 

^ Department of Physics and Center for Theoretical Sciences, 
National Taiwan University, Taipei 10617, Taiwan, R.O.C. 

^ Department of Physics, Faculty of Science, University of Tokyo, 
Hongo 1-3-1, Bunkyo-ku, Tokyo 113-0033, Japan 



Abstract 

We construct a non-Abelian gauge theory of chiral 2-forms (self-dual gauge fields) 
in 6 dimensions with a spatial direction compactified on a circle of radius R. It has 
the following two properties. (1) It reduces to the Yang-Mills theory in 5 dimensions 
for small R. (2) It is equivalent to the Lorentz-invariant theory of Abelian chiral 
2-forms when the gauge group is Abelian. Previous no-go theorems prohibiting non- 
Abelian deformations of the chiral 2-form gauge theory are circumvented by introducing 
nonlocality along the compactified dimension. 
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1 Introduction 



The generalization of Abelian gauge theories with 1-form potentials to higher form potentials 
is straightforward. For a p-form potential we define its gauge transformation by 

6A^P^ = dA^P-^\ (1) 

where the gauge transformation parameter A*^^"^) is a (p — l)-form, and the field strength 
defined by 

F^P+^'> = dA^P^ (2) 

is an invariant (p+l)-form. However, the generalization of higher form potentials A^^^ (p > 1) 
to non- Abelian gauge theories have been a tough challenge to both theoretical physicists and 
mathematicians. 

In this paper we attack this problem for the case p = 2, with the goal of describing the 
system of multiple M5-branes. The multiple M5-brane system has been the most challenging 
and mysterious brane system in string theory and M theory [l]. (For a review of M theory 
branes, see [2].) The salient nature of the M5-brane theory is that it contains a self-dual gauge 
field (also called a chiral 2- form potential). Some believed that a Lagrangian formulation 
for the self-dual gauge theory was impossible, because the self-duality condition imposes 
first order differential equations on the gauge potentials, while an ordinary kinetic term 
{d^Byx){d^ B^^) always leads to a 2nd order differential equation. It turns out that the trick 
is to avoid using some of the components of the gauge potential, so that even though we get 
2nd order differential equations from varying the action, the self-duality condition appears 
only after integrating once the equations of motion. Those components which do not appear 
in the action appear as integration "contants". ^ Hence the Lagrangian for a single M5-brane 
was first constructed without manifest Lorentz symmetry, and a Lorentz-covariant version 
is possible only by introducing an auxiliary field [ i, 5]. 

The gauge symmetry for a single M5-brane in the trivial background is Abelian. The 
first non-Abelian gauge theory for self-dual 2-form potentials was found for an M5-brane 
in a large C-field background [6]. A double dimension reduction of this M5-brane theory, 
called NP M5-brane theory, ^ is in agreement to the lowest order with the noncommutative 
D4-brane action in large NS-NS B field background [6]. If the NP M5-brane theory can 
be deformed such that it agrees with the noncommutative D4-brane theory to all orders, it 
would resemble the multiple M5-brane theory. However, it turns out that it is extremely 

This trick was later generalized in [.']] so that for a given spacetime dimension D, one can write down a 
Lagrangian for the self-dual gauge field for an arbitrary division of D into two positive integers D' and D" 
{D' + D" = D). We refer to it as the {D' + £'")-formulation of the self-dual gauge theory. 

5 "]\jp" stands for "Nambu-Poisson". A Nambu-Poisson structure is used to define the non-Abelian gauge 
symmetry for the 2-form potential on the M5-brane. The physical origin of the Nambu- Structure is the 
coupling of open membranes to the C-field background [ i ] The NP M5-brane theory was first derived from 
the BLG model [.s]. Its gauge field content was further explored in [9, 10]. For a brief review, see [11]. 
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hard to deform the NP M5-brane theory [12]. We conclude that it takes brand new ideas to 
construct the multiple M5-brane theory. 

In the literature, there has been various attempts to construct a non-Abelian gauge theory 
for a 2-form potential B taking values in a Lie algebra, and the corresponding geometrical 
structures are called "non-abelian gerbes" . The immediate problem to construct such a model 
is that we need to define covariant derivatives D^, which need to be specified by a 1-form 
potential A. For example, in [13], the gauge transformations of A and B are defined by 

A' = gAg-' + gdg~' + A, (3) 
B' = gBg~^ + [A',A]^ + dA + AAA, (4) 

where g ^ G is the gauge parameter and A G (7 is a 1-form. Mathematically such gauge 
transformations are well-defined, and suitable to describe some system such as the non- 
Abelian generalization of the BF model [14]. It is, however, not clear if it is relevant to 
describe multiple M5. Physically, the introduction of A increases the physical degrees of 
freedom of the system. For the M5-brane system, there is no physical degree of freedom 
corresponding to A. Furthermore, with the addition of A, the field B is not a genuine 2-form 
potential in the sense that we can gauge away A by A, and then B is not independent of its 
longitudinal components. The result is similar to spontaneous symmetry breaking. 

An independent attempt to construct non-Abelian 2-form gauge theory is to define it on 
the loop space [15]. This approach introduces infinitely many more degrees of freedom to the 
usual Abelian chiral gauge theory even in the Abelian limit. Instead, our goal is to have a 
non-Abelian gauge symmetry which includes the Abelian theory as the special case when the 
Lie algebra involved is Abelian. This criterium is not matched by any existing construction 
in the literature. 

While a consistent algebra of non-Abelian gauge transformations for a higher form gauge 
theory is already difficult to get, an action for a chiral gauge boson is even more difficult. 
Assuming the existence of an action and gauge transformation algebra, a no-go theorem [IG] 
states that there is no nontrivial deformation of the Abelian 2-form gauge theory. One of their 
assumptions was locality for the action and the gauge transformation laws. In particular, 
Lorentz symmetry was not assumed. 

The non-existence of the local action for multiple M5-branes was argued in another way 
by Witten [17]. The M5-brane system is known to have conformal symmetry, which implies 
that upon double dimension reduction, the 4+1 dimensional action should be proportional 
to 

d'x i. (5) 
On the other hand, the reduction of a 5+1 dimensional local action on a circle should give 

d^x = / d^x 27rR, (6) 



which has the opposite dependence on R. As long as we assume a Lorentz-covariant formula- 
tion for M5-branes without explicit reference to the compactifiation radius R except through 
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the measure of integration, this gives a strong argument against the Lagrangian formulation 
of multiple M5. 

Recently there are proposals [18, 19] claiming that the multiple M5-brane system com- 
pactified on a circle of finite radius R is described by the U{N) super Yang-Mills theory for 

D4-branes even before taking the small R limit. This would be a duality between two 
theories in 5 and 6 dimensions, respectively, but it can not be viewed as an example of the 
holographic principle of quantum gravity, because there is no gravitational force in these 
theories. Their proposal, if correct, would be revolutionary. However we will point out its 
difficulties in Sec. 5.2. 

These developments suggest that it is already a tremendous progress to have a theory for 
multiple M5-branes compactified on a circle of finite radius R, if the following two criteria 
are satisfied: 

1. In the limit i? — 0, the theory should be approximated by the gauge field sector of the 
multiple D4-brane theory, which is U{N) Yang-Mills theory in 5 dimensions. 

2. When the Lie algebra of the gauge symmetry is Abelian, the theory reduces to copies 
of the theory of 6 dimensional Abelian self-dual gauge field. 

In view of the no-go theorem [IG], the absence of 6 dimensional Lorentz symmetry due to 
compactification of the 5-th direction does not necessarily make the task much easier. On 
the other hand, the 2nd criterium ensures the 6 dimensional Lorentz symmetry in the broken 
phase in the limit i? oo. In the following we will construct an interacting theory satisfying 
both criteria. The cost we have to pay to meet these criteria is a nonlocal treatment of the 
compactified dimension, as we will see in the following sections. Such a description may 
seem exotic, but it might be justified in view of the special role played by the compactified 
direction in defining M-theory as the strong coupling limit of type II A string theory. 

We organize this paper as follows. In section 2, we define the non- Abelian gauge trans- 
formation for an anti-symmetric two-form. A characteristic feature is to introduce separate 
treatments for zero-mode and non-zero mode (KK mode) in the compactified direction. In 
section 3, after a brief review of Lagrangian formulation of self-dual two-form, we explain 
how to modify the equation of motion to include the non- Abelian gauge symmetry. In section 
4, we proposes an action which produces the equation of motion. We also describe how D4 
brane action can be derived in the small radius limit. Finally in section 5, we discuss some 
related issues such as the recovery of Lorentz symmetry in large R limit and comparison 
with the D4-brane approach. 
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2 Gauge Symmetry 



2.1 Gauge Transformations 

As explained above, here we consider the case where the world volume of M5 is x where 
is a circle of radius R with a coordinate ~ + 27rR. We will use the notation that 
the superscript "(0)" represents zero modes and "(KK)" represents Kaluza-Klein (non-zero) 
modes. For an arbitrary field $, we have the decomposition 

$ = $(0) + $(kk)_ (-7) 

Obviously, 

a5$(0) = 0, ^5$ = a5$(^^). (8) 

We can define a non-local operator d^^ on the space of KK modes, so that, for instance, 
a-i$(KK) ig ^gii defined. 

After a lot of trial and error, we find a consistent non-Abelian generalization of the gauge 
transformation for a 2-form gauge potential B^^, as 

= [A,A5]-55A. + (7[4""\Af], (9) 
= [A, A,] - [D„ A,] + g[B,,, Af ] - g[F,,, d^'At\ (10) 

where j = 0, 1, 2, 3, 4. The covariant derivative is defined in terms of the zero-mode: 

D,^d, + gBi^\ (11) 

The parameter g is the coupling constant for the 2-form gauge interaction. The field strength 
is 

F., = g''[D,,, D,] = - 9,4°) + g[Bi^\ ijj?]. (12) 

Eqs. (9) and (10) can be decomposed into their zero modes and KK modes as 

(13) 

-d,At'+9[Bt\^f\ (14) 
{D„Af^]+g[Bl^,Af\ (15) 

- [A, At'] + glBir"^ Af] - g[F^„ d^^At']. (16) 

All quantities A5, Bij, Aj, A5 take values in a Lie algebra h. The last term in (10) (or (16)) is 
the only explicit nonlocality in these expressions. But in fact there is additional nonlocality 
introduced by how the gauge transformations are defined separately for the zero modes and 
KK modes. 

If h is abelian, the transformations (9) and (10) are equivalent to the conventional gauge 
transformation of two-form gauge potential. For our non-abelian generalization, the gauge 
transformation laws explicitly distinguish the zero modes from the KK modes and we treat 





= [A, 


Af], 


6Bt' 


= [A, 


A (kk) 


^B^ 


= [A, 


Afl 




= [A, 


A (kk) 

i 
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them as if they are independent fields. All the commutators involve at most one KK mode. 
There is no term of the form [B^^^\ A*^™^] in the transformation laws. Some of the physical 
meanings of these peculiar features will be explained in Sec. 5. 

Because of these choices, the gauge transformations (13, 15) are closed by zero-mode 
fields/gauge parameters. While they resemble the gauge transformation of non-abelian gerbe 
(3, 4) if one replaces B^^^ by Ai, these are different since the A term in (3) and the nonlinear 
term in (4) are absent in (13). In a sense, the transformation by the vector gauge parameter 
Af^ is abelian (no A^ term) and the noncommutativity comes in through the transformation 
by A^^\ Our choice is more useful to realize the self-dual field after the transformations of 
KK modes (14, 16) are included. 

There are 6 gauge transformation parameters Aj, A5, but only 5 of the KK modes are inde- 
pendent because the gauge transformation parameters are defined up to the transformation 

5Af = [A, A^'^'^)], M^™^ = SsA^™). (17) 

This "gauge symmetry of gauge symmetry" is crucial for the gauge symmetry to be justified 
as a deformation of the Abelain gauge symmetry. We can use this redundancy to "gauge 
away" A^^^\ That is, the gauge transformation rules (9, 10) are equivalent to 

55,5 = -d,K + g[B,5,Af], (18) 

6B,, = [A,A;.]-[D,,A:]+^[A„Af], (19) 

where 

A[^A,-[D,,d^'At\ (20) 

However, the zero mode A^^^ can not be gauged away. Note that the only nonlocal term 
in the gauge transformation (the last term in (10)) is gauged away through this change of 
variables. 

The 3-form field strengths are defined as 

Hj^ = F,,^g~'[D,,D,], (21) 
= [D,,Bf^^]-[D„Bt'] + d,B.„ (22) 

= [A,i?]?] + [/^„4?] + [A,5jf], (23) 
= [D,,Bf^^] + [D„Bt^] + [D„B^^^] 

+9[F.,, 95-14^)] + 9[F,,, d^'Bt''] + 9[F,., O^'B^^^^ (24) 
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They satisfy the generahzed Jacobi identities 

Et^-^Ss] = 0, (25) 

(3) 

= (26) 

(3) 

El^-^S!] = 0, (27) 

(4) 

EtA'^r^] = 9Y}Htd^'H^i (28) 

(4) (6) 

where 'Yli{n) represents a sum over n terms that totaUy antisymmetrizes all the indices. The 
field strength transforms as 

= alHSlATl (29) 

SH^ = 9[H^, Af\ (30) 

= 9\HlSlAfh+9[HSlAfh+9{H%Af]+g[H^,Af], (31) 

SH^ = 9[Hl^^\Ar]. (32) 

The components -BI™"* can be gauged away using the gauge transformations parametrized 
by A'f'^K In this gauge, B^^^^ = 0, we have H^j'^^ = d^B^^^\ This motivates us to define 

Bf^ - d^'H^^ (33) 

which transforms covariantly as 

<^^r^=^7[^r\Ar], (34) 
and then (22) and (24) are equivalent to 

= d.Bf^. (35) 
= \D..BP] + \D,,B^] + \D,^Bf^]. (36) 

The algebra of gauge transformations is closed and given by 

[5, 5'] = 5", (37) 



with 



A','(°) = g[Kt\KTl (38) 
A'^/(KK) ^ ^[aW,a'^(kk)]_^[a/(o)^^(kk)j^ (39) 

= ^?[Af,A:]-^?[A^(°),A.]. (40) 



6 



2.2 Coupling to Antisymmetric Tensors 

Apart from the application to multiple M5-branes, let us also consider applications to non- 
Abelian 2-form gauge theories which are not self dual. A potential problem is that the 
transformation of (31) is different from the usual covariant form like other components 
of H . If we couple other tensor fields to the gauge field, they will have to transform in a 
similar way. A straightforward generalization of the transformation laws for H leads to the 
definition of gauge transformations of a totally antisymmetrized tensor field ('^ < 6), 

which can be decomposed into a multiplet (0!°L„_i5' <^£''l-i5' to be 

= 9[<Pt^.-.5^^f^ (41) 

= ^?[0SL.5,Ar^], (42) 
= ^[0f..,Af]+^E[^S?-^.-.-A!?], (43) 

(n) 

S4>&. = 9\<f&.^^], (44) 
where X](n) represents a sum of n terms that totally antisymmetrizes all indices. 



The transformation law (43) for the component (pf^l.i^ is different from all other compo- 
nents. It is defined to mimic the gauge transformation of H^jl. We should check whether this 
complication will prevent us from constructing a gauge field theory. First, products of these 
fields (f)^i^\.i^ will also transform in the form of (43) when all indices are antisymmetrized on 
the products. Secondly, the action of Di on (pl^^.i^ does not transform covariantly, but we 
can define a covariant exterior derivative for • as 

mnU,. - E [D.^^^Uj - (-1)" E (45) 

(n+l) ((n+l)n/2) 

(This expression is nontrivial only if n < 5.) This covariant exterior derivative is indeed 
covariant, that is, 

(n+l) 

where the exterior derivative of 0ji...i„_i5 is defined by 

mf;^:.^=9jy^n,<pt.j- (47) 

(n) 

It seems possible to down covariant equations of motion using exterior derivatives and totally 
antisymmetrized tensors. 

The real problem with the transformation law (43) lies in the definition of an invariant 
action. For example, to define a Yang-Mills like theory, the Lagrangian should look like 

^Tr(if^]i7(°)'^'^ + 31/^5) + iy(^^;^)i7(KK)iifc + SH^ft^H^''''^'^^). (48) 



7 



Only the first term is not gauge invariant. It is not clear how to modify the action to make 
it invariant. Similarly it is hard to define the usual kinetic term for the components 
of a matter field. 

In the following we will see that in a Lagrangian formulation of the non-Abelian self-dual 
gauge theory in 6 dimensions, we do not have to use the variables B^j^ explicitly, so the 



anomalous covariant transformation law of H^jl (31) will never be used. In fact we can 
simply define H^jl to be the Hodge dual of Fij, so that its gauge transformation is the same 
as other components. As a result the covariant transformation laws for matter fields can be 
uniformly defined as 

<5$ = ^7[$,Af] (49) 

for all components of a matter field. 



3 Non-Abelianizing the Abelian Theory 

The linearized Lorentz-covariant action for an Abelian chiral 2-form potential is [4, 9] 

(50) 



1 

4!' 



S — —Tm5TjJI I (fx 



(dpadPa) 
where 

Hfj,ux = dpBi,\ + duBxfi + dxB^i,, (51) 

H is the Hodge dual of H and a is an auxiliary field. In addition to the usual gauge symmetry 
for a 2-form potential 

5B^, = d^K - 9.Am, (52) 
it is invariant under two gauge transformations 

5B^, = (9^a)$,(x) - (9,a)$^(x), 5a = 0, (53) 

and 

5B^, = ^^{H-H)p,pd''a, 5a = ^{x). (54) 
Using the gauge symmetry (54), one can impose the gauge fixing condition 

a = x^, (55) 

so that the action becomes 



S = ^Tm^T^I J (fx Qe^^'^'^i/.^fc 



W _|_ fJi^PQ 



(56) 



The 6 dimensional Lorentz symmetry is still preserved but with a modified transformation 
law for a boost parametrized by Vk as 

5Bij = x^kd'^Bi^ - x^Vkd^Bij - x^VkiH - H)ij^. (57) 
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The gauge transformation (53) reduces in this gauge to 

55,5 = (58) 

Now we consider the compactification of the Abehan theory on a circle of radius R along 
x^. All fields can be decomposed into their zero modes and KK modes, and the action 
becomes 

5 = 5(°) + 5(«^), (59) 



where 



S''' = ^-^n,,T^?.jd'xHf;lH^^)^^\ (60) 



rr(KK) 1 TT{KK)npq 



The zero modes B^j^ are 5 dimensional 2-form potential, and we can carry out the standard 
procedure of electric-magnetic duality for S^^'^ to get an action for the dual 1-form potential 

= ^Tm,T-1 I d'x F,,r^ , (62) 

where Fij = h\^\ is the field strength of the dual 1-form potential . 

Let us check that the equations of motion derived from the new action S^^^^^ + S'^^^^ 
lead to configurations satisfying self-duality conditions. For the zero modes, the equation of 
motion derived from the action Sf^^^ is 

d^Fij = 0. (63) 

Defining a 3-form field H by 

H^jl = ^eijklniF^"', (64) 

we see that, due to the equation of motion (63), a 2-form potential B^^^ exists locally such 
that H^^^ = dB^^\ Since F also satisfies the Jacobi identity dF = 0, we find 

d'H^l = 0. (65) 
Note that (64) is identical to the self-duality condition for the zero modes 

hSI = le^^MmH^'^'-' (66) 

by identifying Ai with 5,5. Hence we see that the zero modes of the self-dual gauge field can 
be simply described by the Maxwell action SfJ^^. 

It is natural to non-Abelianize the equation of motion (63) for the zero modes by 

[D\F,,] = + --- , (67) 
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up to additional covariant terms that vanish when the Lie algebra h is Abelian. In the next 
section we will derive the complete equation from an action principle. 

For the non- Abelian theory described in Sec. 2.1, we could also have defined H^^l simply 
as the Hodge dual of Fij, hence it is not necessary to introduce the components H^jl which 
has the unusual transformation law (31). The transformation of Fij would then imply that 
H^^\ defined as the Hodge dual of F^j, transforms simply as 



This would also lead us to redefine the transformation laws of matter fields as 



(68) 



(0)1 



(69) 



for all components of (p. 

For the KK modes, the equations of motion derived from varying S^^^^ is 



(KK)npg 



0. 



This implies that 



ijklm I ttCkk) 



6 



vanpq-' 



jj{KK)npq \ _ ^ijklm.^ 



{KK)lm 



for some tensor $1™"* satisfying 



We can redefine by a shift 



ijklm (r{kk) 



o(KK) ^ 
^Im ^ ^Im 



'(KK) 



B 



(KK) 
Im 



(70) 



(71) 



(72) 



(73) 



such that, due to (72), 



o-(kk) tt'(kk) 



7t{kk) (T,(kk) 



Imnpq tt{kk) Imnpq tt' (v.¥i) _ lmnpqfTT{KK) , oQ (ft(KK)\ _ Imnpq tt 

t ^npq ~^ t J^npq — ^ K-'^npq "r ^pg J ~ ^ -O, 

As a result, (71) is turned into the self-duality condition 



(KK) 



H, 



(KK) 
lm5 



.\f, rr{KK)npq 
„ '^Imnpq^-'^ 
6 



Let US define the non-Abelian counterpart of (70) as 

ijklm p, I rr(KK) TT{KK)npq 
t i^fe, I -n,^5 -t- ^tlmnpqn 



6 As (72) implies that = 9/$!^''^ - dm'^f''^'^ 



effect of shifting Bj-^^ is equivalent to the shift of B^^'^' in the gauge symmetry (58), up to the usual gauge 
transformation (52) . 



0. 



for some vector field ^l^^"* , in the Abelian theory the 



(74) 
(75) 



(76) 



(77) 



(KK) 



10 



This implies that 

ijklm I tt(kk) I 1 TT{TiK)npq \ _ ijklm^{KK) 

where satisfies 

e'^''"'[Dk,<^t"^]=0. (79) 
This again can be absorbed into a shift of B^^^ 

^ - + r (80) 

so that the self-duahty condition (76) is arrived. 

The transformation (80) should also be viewed as a gauge transformation of the theory. 
The gauge transformation parameter has to transform covariantly under the transfor- 

mation defined in Sec. 2.1 as ^ 

^*!r^ = Nr\Af], (81) 

because the constraint (79) is covariant. It can then be checked that (80) commutes with 
the gauge transformation (9, 10) defined in Sec. 2.1. Our task in the next section is to give 
an action that would lead to the non-Abelian equations of motion (67) and (77). 

4 Action 

Let us consider the following action for the non-Abelian chiral 2-form potential 

5 = + ^(^'^^ (82) 

where 

^(0) ^ '^Tm.T^IJ d'xTT{F,^r^), (83) 



4 

1 

^(kk) 



tt{kk) 1 TT(KK)npq 



This invariant action is a straightforward generalization of the action (61) and (62) for the 
Abelian theory. 

For small R, the M5-branes should be approximated by D4-branes in type IIA theory, so 
S^^^ should be identified the Yang-Mills theory for multiple D4-branes 

= \TD,Tr' I (fx Tr(/,,r ), (85) 

where the field strength fij for multiple D4-branes is 

= [di + Ai, dj + A.j\ = diAj - djAi + [Ai, A,] . (86) 

^ The meaning of the transformation of a gauge transformation parameter is this; $ should be viewed as a 
function depending on the gauge potential B^^^ as well as some free parameters corresponding to integration 
constants when we solve the constraint (79). The transformation of i?!"'' induces a transformation of $. 
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It is known that the gauge potential A in D4-brane theory is related to the gauge potential 
B in M5-brane theory via the relation 



(87) 



Plugging in the values of the parameters involved, 




1 



1 



R = gj^ 



(88) 



s 



27rir 



we find that the coupling constant should be given by 



g = 2nR. 



(89) 



This factor can also be obtained by demanding that the soliton solutions which resemble 
instantons in the spatial 4 dimensions have momentum equal to n/R for some integer n in 
the direction. 

Notice that the overall factor of 2ttR due to the integration over in (83) is multiplied 
by a factor of l/g"^ for g is the Yang-Mills coupling for the zero mode field strength Fij, 
giving an overall factor of 1/R in (85), in agreement with the requirement of conformal 
symmetry in 6 dimensions. Witten's argument [17] mentioned in the introduction around 
(5) and (6) that M5-brane action does not exist is resolved by allowing the coupling of a 
6 dimensional theory to depend on the compactification radius R. Normally the coupling 
constant of an interacting field theory is independent of whether the space is compactified. 
Our strategy is to define a 6 dimensional field theory as the decompactification limit of a 
compactified theory, and the coupling depends on the compactification radius. In some sense, 
the coupling constant g is not really the coupling of the decompactified theory, which is a 
conformal field theory without free parameter. Witten's argument should be understood as 
the non-existence of another formulation of the 6 dimensional theory which does not refer 
to the compactification radius. In other words, our model may be as good as it gets if we 
want to describe multiple M5-branes with an action. 

Assuming that we will be able to show in future works that a well defined theory does 
exist in uncompactified 6 dimensional spacetime as the decompactification limit of our model, 
one would still wonder how such a theory can be fully Lorentz invariant, while its definition 
involves the choice of a special direction. We will discuss more on this point in the next 
section. 

The variation of 5*'-'^-' leads to Yang-Mills equations, which can be interpreted as the self- 
dual equation for the zero modes. The full equation of motion for the zero modes B^^^ should 
also include variations of S^^^^ , which modifies the Yang-Mills equation by commutators that 
vanish in the Abelian case. 



Contrary to the proposal of [18, 19], we have an explicit appearance of the KK modes 
through the action S'^^^^ (84). A useful feature of S^^^'^ is that it depends on B^^^^ and Bij 
only through bI^^\ Therefore, although S^^^^ depends on both and -B^j^^'' (unlike the 
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Abelian case where the action is independent of -Bjs), we only need to consider the variation 
of bI^^\ Variation of the action S*^^^-* with respect to B^j^^^ leads to the equation of motion 
(77), which is equivalent to the self-duality condition (76) via a shift in b\^\ as we explained 
in the previous section. Explicitly, the equations of motion are 



«JJ 2 JO 



lAjklmTriKK) 

0. 



(90) 
(91) 



5 Discussions 



5.1 R ^ oo 

The reader may find it strange that in the gauge transformation laws (14) and (16) we 
have avoided commutators involving two KK modes, e.g. terms of the form [B^^^\ A^^^^]. 
Correspondingly, there is no term of the form [B^^^\ B^^^^] in the equations of motion. All 
gauge interactions are mediated via zero modes. Here is our interpretation. In the limit 
i? — >• oo, the Fourier expansion of a field approaches to the Fourier transform 

$(a;5) = y"$„e'""'/^ <l>(x^) = / — $(^5)6^*^^"'. (92) 

The coefficients approach to ^(/^s) as 

■1(^5) = 27ri?$„ (^5 = njK). (93) 

According to this expression, the value of a specific Fourier mode $„ must approach to zero 
in the limit R ^ oo. In particular, the amplitude of the zero mode approaches to zero. 
While all interactions are mediated via the zero mode, this does not imply that there is no 
interaction in the infinite R limit, because the coupling g = 2tiR oo. The product of the 
amplitude of the zero mode with the coupling is actually kept finite in the limit. 

In the limit R — > oo, the KK modes -B^^'^^ should be identified with the 2-form potential 
in uncompactified 6 dimensional spacetime. In uncompactified space, the constant part of 
B^jj is not an observable, hence physically the KK modes 5^™'' do not miss any physical 
information a 2-form potential can carry. The zero modes B^^} approach to zero but a new 
field Ai replacing 2tiRB^^ survives the large R limit. The field Ai can not be viewed as 
part of the 2-form potential, in the sense that, due to the infinite scaling of B^^"* by i?, 
it can not be combined with -B^^^^ in a Lorentz covariant way to form a new tensor in 6 
dimensions. Rather it should be understood as the 1-form needed to define gerbes (or some 
similar geometrical structure) together with the 2-form potential. However this does not 
increase the physical degrees of freedom of the 6 dimensional theory in the sense that the 
number of physical degrees of freedom in the 5 dimensional field A^ is negligible compared 
with that of a 6 dimensional field. 
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The fact that gauge transformation laws do not have terms of the form [B^^^\ A^^^''], 
and the fact that the equations of motion do not have terms of the form [B^^^\ B^^^^], are 
both telhng us that our model is linearized with respect to the 2-form potential. No self- 
interaction of the 2-form potential is present, and all interactions are mediated by the 1-form 
potential Ai. 

As the decompactification limit i? ^ oo is also the strong coupling limit g oo, we do 
not expect the classical equations of motion (90)-(91) to give a good approximation of the 
quantum theory. We leave the problem of finding the decompactification limit of our theory 
for future study. 

5.2 Momentum and Instanton 

The interpretation above allows us to understand some puzzles about the proposal of [18, 19] 
that the 5 dimensional D4-brane theory is already sufficient to describe the 6 dimensional M5- 
brane system even for finite R. In their proposal, the momentum in the 5-th (compactified) 
direction is represented by the "instanton" number on the 4 spatial dimensions. The first 
problem with this interpretaion is that, in the phase when U{N) symmetry is broken to 
f/(l)^, there is no instanton solution. But physically this corresponds to having M5-brane 
well separated from each other, and they should still be allowed to have nonzero p^. This 
problem does not exist in our model. In our model p^ is carried by the KK modes when the 
Lie algebra of the gauge symmetry is Abelian. Furthermore, the Abelian case of our model 
is already known to be equivalent to a 6 dimensional theory which has the full Lorentz 
symmetry in the large R limit. 

The second problem of the proposal in [18, 19] is that the instanton number only gives 
the total value of p^ of a state, but it is unclear how to specify the distribution of p^ over 
different physical degrees of freedom. For example, the state with m units of contributed 
from the scalar field and n units of p^ from X"^ cannot be distinguished from the state 
with the numbers m and n switched. On the other hand, in our model, the instanton number 
of the 1-form 

A = (94) 

should only be interpreted as the value of p^ of the field A^. (In other words, the so-called 
"zero- modes" B^^^ can still carry nonzero p^. The 5-th momentum of the 2-form potential is 
manifest as the KK mode index.) The scalar fields X^ and the fermions when they are 
introduced into our model, would have their own KK modes to specify their p^ contribution. 
There is no ambiguity in the momentum carrier for a given instanton number. 

The reader may wonder whether it is redundant or over-counting for Ai to be able to 
carry nontrivial p^. After all, Ai is just B^^^ rescaled. Has not the KK modes B^^^^ already 
taken care of the contribution of Bi^ to ps? How can a field carry momentum in the x^- 
direction if it has no fiuctuation (e.g. propagating wave) in that direction? The answer is 
simple. It is well known in classical electrocmagnetism that the simultaneous presence of 
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constant electric and magnetic fields carry momentum, because the momentum density pi is 
proportional to F^^Fij. In the temporal gauge Aq = 0, the conjugate momentum of Aj is 
IT-' = doA^ , and the momentum density pi is proportional to 



F'^F,, = W{diA,)-Wid,A,). 



(95) 



The first term is the standard contribution of a field to momentum pi. We also have 
{do(j)){di(f)) for a scalar field </>. But there is no analogue of the 2nd term for a scalar field. It 
is possible for the 2nd term to be present because Ai has a Lorentz index. The zero mode 
of Ai in the direction can also contribute to pi through this term. Similarly, for a 3-form 
field strength H, the momentum density of p^ is proportional to HoabH"'^^ {a,b = 1,2, 3, 4), 
which includes the zero mode contribution 



because H^j^l^ = Fab- This is precisely the same expression as the instanton number density. 
Note that there are also contributions to p^ from the KK modes H^^^ H^^^'>'^^^ in addition 
to the zero mode contribution, analogous to the first term in (95). 

5.3 Generalization to 3-form Gauge Potential 

In non-Abelianizing the gauge transformations of a 2-form potential, the zero mode h!"^^ 
plays a special role. We associate the special role played by h.^^'^ to its topological nature: 
while Ag^^"* can be "gauged away", the zero mode Ag'^^ corresponds to the Wilson line degree 
of freedom for the gauge transformation parameter A along the circle in the direction. In 
this section we generalize this association to construct non-Abelian gauge transformations 
for a 3-form potential. 

First we study the Abelian gauge theory for a 3-form potential on the spacetime of 
R*^ X T^. Let the torus extend in the directions of and x"^ . We can decompose a field 
$ as 




-^Oabcdb't' r 



(96) 



$ = $(0) + 



(97) 



where the zero mode has no dependence on 



(98) 



and the KK mode can be obtained from $ as 



${KK) ^ n-iQ^^ 



(99) 



where 



a 



(a = 1,2). 



(100) 
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The Abelian gauge transformations of a 3-form potential B are given by 

6Ba2 = diAi2 - diAi2 + d2Aii, (101) 

5Bija = diAja-djA,a + daAij, (102) 

6Bijk = diAjk + djAki + dkAij, (103) 

where a = 1,2 and i,j, A; = 0, 3, 4, • ■ • , (rf + 1). There is redundancy in the gauge transfor- 
mation parameters Aia, Aij so that the gauge transformation laws are invariant under the 
transformation 

SAu = 81X2-82X1, (104) 

SA,a = 8,Xa-8aK, (105) 

5Aij = 8iXj - 8jXi. (106) 

Apparently there is also a redundancy in using A to parametrize the redundancy in A. There 
are {d + 2) components in A, but only (d+l) of them are independent. Using the redundancy 
of A, we can "gauge away" {d+ 1) of the gauge transformation parameters. For instance, we 
can set 

= 8''A,a = 0, Ai2 = 0, (107) 
and use the following gauge transformation parameters 

= e"^a,A,,, A,,-, (108) 

so that 

and the gauge transformation laws become 

6Ba2 = -6, (110) 
6B,,, = -e-'>D~'d,{8,^,-8,^,) + 8aAij, (111) 
5Bijk = 8iAjk + 8jAki + 8kAij. (112) 

Viewing Aia as d copies of 1-form potentials on T^, the C,i^s are the corresponding field 
strengths, and so their integrals over are quantized. It implies that ^f^^ is quantized, and 
so we have to set 

ef=0 (113) 
when we use as infinitesimal gauge transformation parameters. In the following, we have 

To retrieve from (110)-(112) the original gauge transformation laws with redundancy, 
one can simply carry out the replacement 

^ e.-Mi2, (114) 

Aij Aij + D-\8,pj -8jPi). (115) 
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On the torus T^, the gauge transformation parameter A^g^ corresponds to a Wilson surface 
degree of freedom for the 2-form A. It should play the same role as A^^ in (9, 10). To 
construct a consistent non-Abelian gauge transformation algebra for the 3-form potential, 
we only need to consider transformation laws for the parameters Ajj and A^^''- ^he 

end we get the full gauge transformation laws through the replacement 

ef^) ^ d'^'^^-[A,Asr)], (116) 

^ Asr+n-^([A,pr^]-[/^„pr^]), (117) 

where the covariant derivative Di should be defined as 

D, = di + BSl (118) 

and 

K) ^ e'^^9,A;r\ p!""^ = 5"ASr^. (119) 
Here we have scaled Bii2 to absorb the coupling constant g, which is expected to be given 
by the area (27r)^i?ii?2 of the torus. 

We define the non-Abelian gauge transformations as 

6Ba2 = [A,AS?]-e. + [4T\Ag], (120) 
6B,,a = -e'''n~'dt{[D,,^,]-[D„i,]) + daA^j 

+ [A,AfJ]-[D„AS)] + [i?,,,.Ai?], (121) 

SBijk = [Di,A,k] + [Dj,Aki\ + [Dk,Aij] + [Bijk,Af^]- (122) 

The algebra of gauge transformations is closed 

[S,S']=6", (123) 

with the parameters of 6" given by 

Ag)" = [AS?, AS?'], (124) 
C = [6,aS?']-[CUS?], (125) 

<j = [a.„aS?']-[a^,aS?]. 

The field strengths should be defined as 



a:;- = [A,„aS?']-[A' aS?]. (126) 



Hj"!^ = [D,,D,], (127) 



HI}S = [D.,Bf^]-[D,,B^]+d,B^-d,Bl^, (128) 

Hijka = [Di, Bjka] + [Dj, Bkia] + [A, Aja] — daBijk 

-e'^'n-^ ([F,,, Si^?] + 4T^] + B^^^^]) , (129) 
Hijki = ^[A, -Bja] — ^[-^ij, (130) 



(4) (6) 
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where 



(131) 



so that all the field strength components transform as 




[Hiji2, Ai2 ], 



(132) 
(133) 



(3) 




(134) 



(6) 



It may be possible to define a non-Abelian self-dual gauge theory for a 3-form potential in 8 
dimensional Euclidean space. We leave the problem for future study. 

Apparently, the same idea can be used to define a non-Abelian gauge symmetry for p-form 
potentials on R*^ x T'p~^. 

5.4 Summary and Outlook 

In this paper, we found a consistent, closed algebra of non-Abelian gauge transformations for 
the 2-form potential with 1-form gauge transformation parameters in 6 dimensions. There is a 
gauge symmetry in the gauge transformations parametrized by a 0-form. The transformation 
law is nonlocal in the direction which is compactified to a circle. 

We also found an action which passes the two major tests for it to be relevant to the 
M5-brane theory: It is equivalent to a Lorentz-invariant chiral 2-form theory in 6 dimensions 
in the Abelian phase, and it is equivalent to a Yang-Mills theory in 5 dimensions in the limit 



There are several additional tests this model has to pass in order to prove that it is the 
correct theory for multiple M5-branes: 

1. In some sense there is a well defined limit i? — > oo in which the theory describes 
multiple M5-branes in uncompactified spacetime. 

2. 6 dimensional Lorentz symmetry in the limit R — > oo. 

3. The existence of a supersymmetric extension of the theory. 

In the above we have given persuasive arguments on these issues, but we leave the full 
answers to these questions for future investigation. 
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